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1. Introduction
The biharmonic maps φ : (M, g) → (N,h) between Riemannian manifolds represent a natural generalization of the well-
known harmonic maps [9]. They are the critical points of the bienergy functional E2(φ) = 12
∫
M |τ (φ)|2vg , where τ (φ) is the
tension ﬁeld of φ and vg denotes the volume form; the vanishing of the tension ﬁeld characterizes the harmonic maps.
In [15], Jiang derived the Euler–Lagrange equation for the bienergy, that is τ2(φ) = 0, where the bitension ﬁeld τ2(φ) is
given by
τ2(φ) = −τ(φ) − trace RN
(
dφ,τ (φ)
)
dφ.
The biharmonic equation τ2(φ) = 0 is a fourth order elliptic semilinear PDE.
Independently, Chen deﬁned the biharmonic submanifolds in a Euclidean space as those with harmonic mean curvature
vector ﬁeld [7]. Using the characterization formula of biharmonic maps for Riemannian immersions into Euclidean spaces,
Chen’s notion of biharmonic submanifold can be recovered.
Since any harmonic map is biharmonic, we are interested in non-harmonic biharmonic maps, which are called proper-
biharmonic.
A ﬁrst case to look at is the biharmonicity of Riemannian immersions, or the biharmonic submanifolds, and a special
case is that of proper-biharmonic hypersurfaces. In [6] the authors proved that the only proper-biharmonic surface of the
unit Euclidean 3-dimensional sphere S3 is an open part of the hypersphere S2( 1√
2
). Then, several classiﬁcation results [3,4,
8,13] lead to the following conjecture.
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2
) or of generalized Clifford
tori Sm1 ( 1√
2
) × Sm2 ( 1√
2
), m1 +m2 =m, m1 =m2 .
There exist several classiﬁcation results for proper-biharmonic hypersurfaces in spaces of non-constant sectional curva-
ture. In [14], Inoguchi classiﬁed all proper-biharmonic Hopf cylinders in 3-dimensional Sasakian space forms, and explicit
parametric equations for such surfaces were given in [11], and in [13], Ichiyama, Inoguchi and Urakawa classiﬁed all proper-
biharmonic homogeneous real hypersurfaces in complex projective spaces.
Other results concerning proper-biharmonic hypersurfaces where found by Zhang, [24], and for the pseudo-Riemannian
case see, for example, [1,2].
In this paper, we ﬁrst characterize the biharmonic submanifolds in a strictly regular Sasakian space form N(c) obtained
from submanifolds in the quotient space N¯(c + 3) by using the Boothby–Wang ﬁbration. We call such submanifolds Hopf
cylinders. In order to insure the existence, we show that c + 3 must be positive and then, by using the Takagi classiﬁca-
tion, we obtain all proper-biharmonic Hopf cylinders over homogeneous real hypersurfaces in complex projective spaces of
constant holomorphic sectional curvature c + 3> 0.
For a general account of biharmonic maps see [17] and The Bibliography of Biharmonic Maps [22].
Conventions. We work in the C∞ category, that means manifolds, metrics, connections and maps are smooth. The Lie
algebra of the vector ﬁelds on N is denoted by C(T N).
2. Preliminaries
A manifold (N2n+1,ϕ, ξ,η, g) is called a contact metric manifold, if ϕ is a tensor ﬁeld of type (1,1) on N , ξ is a vector
ﬁeld, η is a 1-form and g a Riemannian metric such that
ϕ2 = −I + η ⊗ ξ, η(ξ) = 1,
g(ϕX,ϕY ) = g(X, Y ) − η(X)η(Y ), g(X,ϕY ) = dη(X, Y ), ∀X, Y ∈ C(T N).
A contact metric manifold (N,ϕ, ξ,η, g) is said to be normal if
Nϕ + 2dη ⊗ ξ = 0,
where
Nϕ(X, Y ) = [ϕX,ϕY ] − ϕ[ϕX, Y ] − ϕ[X,ϕY ] + ϕ2[X, Y ], ∀X, Y ∈ C(T N),
is the Nijenhuis tensor ﬁeld of ϕ , and in this case N2n+1 is called a Sasakian manifold.
It is known that a contact metric manifold (N,ϕ, ξ,η, g) is a Sasakian manifold if and only if
(∇Xϕ)(Y ) = g(X, Y )ξ − η(Y )X, ∀X, Y ∈ C(T N).
Let (N,ϕ, ξ,η, g) be a Sasakian manifold. The sectional curvature of a 2-plane generated by X and ϕX , where X is a
unit vector orthogonal to ξ , is called ϕ-sectional curvature determined by X . A Sasakian manifold with constant ϕ-sectional
curvature c is called a Sasakian space form and it is denoted by N(c).
The curvature tensor ﬁeld of a Sasakian space form N(c) is given by
RN (X, Y )Z = c + 3
4
{
g(Z , Y )X − g(Z , X)Y }+ c − 1
4
{
η(Z)η(X)Y − η(Z)η(Y )X + g(Z , X)η(Y )ξ − g(Z , Y )η(X)ξ
+ g(Z ,ϕY )ϕX − g(Z ,ϕX)ϕY + 2g(X,ϕY )ϕ Z}. (2.1)
The classiﬁcation of the complete, simply connected Sasakian space forms N(c) was given in [21] (see also [5]). For
c > −3, N(c) is isometric to the unit sphere S2n+1 endowed with the Sasakian structure given by Tanno. If c = 1, then N(1)
is isometric to S2n+1 with its canonical Sasakian structure.
A contact metric manifold (N,ϕ, ξ,η, g) is called regular if for any point p ∈ N there exists a cubic neighborhood of p
such that any integral curve of ξ passes through the neighborhood at most once, and strictly regular if all integral curves are
homeomorphic to each other.
Let (N,ϕ, ξ,η, g) be a regular contact metric manifold. Then the orbit space N¯ = N/ξ has a natural manifold structure
and, moreover, if N is compact then N is a principal circle bundle over N¯ (the Boothby–Wang Theorem). In this case the
ﬁbration π : N → N¯ is called the Boothby–Wang ﬁbration. The Hopf ﬁbration π : S2n+1 → CPn is a well-known example of a
Boothby–Wang ﬁbration.
Theorem 2.1. (See [19].) Let (N,ϕ, ξ,η, g) be a strictly regular Sasakian manifold. Then on N¯ can be given the structure of a Kähler
manifold. Moreover, if (N,ϕ, ξ,η, g) is a Sasakian space form N(c), then N¯ has constant sectional holomorphic curvature c + 3.
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ﬁbration.
We end with the following classiﬁcation result.
Theorem 2.2. (See [23].) A simply connected complete Kähler manifold of constant holomorphic sectional curvature c can be identiﬁed
with the complex projective space CPn, the open unit ball Dn in Cn, or Cn, according as c > 0, c < 0, or c = 0.
3. Biharmonic hypersurfaces in Sasakian space forms
Let (N2n+1,ϕ, ξ,η, g) be a strictly regular Sasakian space form with constant ϕ-sectional curvature c, and π :N →
N¯ = N/ξ the Boothby–Wang ﬁbration. Let i¯ : M¯ ↪→ N¯ be a submanifold and consider the associated Hopf cylinder i : M =
π−1(M¯) ↪→ N , of dimension m. We shall denote by B , A and H the second fundamental form of M in N , the shape operator
and the mean curvature vector ﬁeld, respectively. By ∇⊥ and ⊥ we shall denote the normal connection and Laplacian on
the normal bundle of M in N .
We have
Theorem 3.1. The Hopf cylinder i : M = π−1(M¯) ↪→ N is biharmonic if and only if⎧⎪⎨
⎪⎩
⊥H = − trace B(·, AH ·) + c(m + 2) + 3m − 2
4
H + 3(c − 1)
4
(
ϕ(ϕH)⊥
)⊥
,
4 trace A∇⊥· H (·) +m grad
(|H|2)− 3(c − 1)(ϕ(ϕH)⊥) = 0. (3.1)
Proof. Let us denote by ∇N , ∇ the Levi-Civita connections on N and M , respectively. Consider {Xi}mi=1 to be a local geodesic
frame at p ∈ M . Then, since τ (i) =mH , we have at p
τ2(i) = −τ(i) − trace RN
(
di, τ (i)
)
di
=m
{
m∑
i=1
∇NXi∇NXi H −
m∑
i=1
RN (Xi, H)Xi
}
. (3.2)
We recall the Weingarten equation,
∇NXi H = ∇⊥Xi H − AH (Xi)
and, using the Weingarten and Gauss equations,
∇NXi∇NXi H = ∇⊥Xi∇⊥Xi H − A∇⊥Xi H (Xi) − ∇Xi AH (Xi) − B
(
Xi, AH (Xi)
)
.
Thus, at p one obtains
− 1
m
τ(i) =
m∑
i=1
∇NXi∇NXi H
= −⊥H − trace B(·, AH ·) − trace A∇⊥· H (·) − trace∇AH (·,·). (3.3)
The next step is to compute trace∇AH (·,·). We obtain at p
trace∇AH (·,·) =
m∑
i=1
∇Xi AH (Xi) =
m∑
i, j=1
∇Xi
(
g
(
AH (Xi), X j
)
X j
)
=
m∑
i, j=1
Xi
(
g
(
AH (Xi), X j
))
X j
=
m∑
i, j=1
Xi
(
g
(
B(X j, Xi), H
))
X j
=
m∑
i, j=1
Xi
(
g
(∇NX j Xi, H))X j
=
m∑(
g
(∇NXi∇NX j Xi, H)+ g(∇NX j Xi,∇NXi H))X ji, j=1
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i, j=1
g
(∇NXi∇NX j Xi, H)X j +
m∑
i, j=1
g
(
B(X j, Xi),∇⊥Xi H
)
X j
=
m∑
i, j=1
g
(∇NXi∇NX j Xi, H)X j +
m∑
i, j=1
g
(
A∇⊥Xi H
(Xi), X j
)
X j
=
m∑
i, j=1
g
(∇NXi∇NX j Xi, H)X j + trace A∇⊥· H (·)
=
m∑
i, j=1
g
(∇NX j∇NXi Xi + RN (Xi, X j)Xi + ∇N[Xi ,X j ]Xi, H)X j + trace A∇⊥· H (·)
=
m∑
i, j=1
g
(∇NX j∇NXi Xi, H)X j +
m∑
i, j=1
g
(
RN (Xi, X j)Xi, H
)
X j + trace A∇⊥· H (·). (3.4)
But
m∑
i, j=1
g
(∇NX j∇NXi Xi, H)X j =
m∑
i, j=1
g
(∇NX j B(Xi, Xi), H)X j +
m∑
i, j=1
g
(∇NX j∇Xi Xi, H)X j
=m
m∑
j=1
g
(∇NX j H, H)X j +
m∑
i, j=1
g
(∇X j∇Xi Xi + B(X j,∇Xi Xi), H)X j
= m
2
grad
(|H|2) (3.5)
and
m∑
i, j=1
g
(
RN (Xi, X j)Xi, H
)
X j =
m∑
i, j=1
g
(
RN (Xi, H)Xi, X j
)
X j
= (trace RN (di, H)di). (3.6)
Replacing (3.5) and (3.6) into (3.4), we have
trace∇AH (·,·) = m
2
grad
(|H|2)+ (trace RN (di, H)di) + trace A∇⊥· H (·)
and therefore
trace A∇⊥· H (·) + trace∇AH (·,·) = 2 trace A∇⊥· H (·) +
m
2
grad
(|H|2)+ (trace RN (di, H)di). (3.7)
Now, let { X¯α}m−1α=1 be a local orthonormal frame on M¯ . Then { X¯ Hα }m−1α=1 ∪ {ξ} is a local orthonormal frame on M , where
X¯ Hα denotes the horizontal lift of X¯α . It follows that
trace RN (di, H)di =
m∑
α=1
RN
(
X¯ Hα , H
)
X¯ Hα + RN (ξ, H)ξ.
By using the expression of the curvature tensor ﬁeld one obtains, after a straightforward computation,
RN
(
X¯ Hα , H
)
X¯ Hα = −
c + 3
4
H + 3(c − 1)
4
g
(
ϕH, X¯ Hα
)
ϕ X¯ Hα
and
RN (ξ, H)ξ = −H .
Hence
trace RN (di, H)di = − (c + 3)(m − 1)
4
H +
m−1∑
α=1
3(c − 1)
4
g
(
ϕH, X¯ Hα
)
ϕ X¯ Hα − H
= − (c + 3)(m − 1)
4
H − 3(c − 1)
4
H − 3(c − 1)
4
ϕ(ϕH)⊥ − H
= − c(m + 2) + 3m − 2
4
H − 3(c − 1)
4
ϕ(ϕH)⊥ (3.8)
and thus (trace RN (di, H)di) = − 3(c−1) (ϕ(ϕH)⊥) .4
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1
m
τ2(i) = −⊥H − trace B
(·, AH (·))+ c(m + 2) + 3m − 2
4
H − 2 trace A∇⊥· H (·)
− m
2
grad
(|H|2)+ 3(c − 1)
4
ϕ(ϕH)⊥ + 3(c − 1)
4
(
ϕ(ϕH)⊥
)
,
and we conclude the desired result. 
Corollary 3.2. If M¯ is a hypersurface of N¯ , then M = π−1(M¯) is biharmonic if and only if⎧⎪⎨
⎪⎩
⊥H =
(
−|B|2 + c(n + 1) + 3n − 1
2
)
H,
2 trace A∇⊥· H (·) + n grad
(|H|2)= 0. (3.9)
Proof. This result follows easily since, in codimension 1, (ϕH)⊥ = 0 and
trace B(·, AH ·) = |B|2H . 
Now, since τ (i) = 2nH = (τ (i¯))H = (2n − 1)H¯ H , we obtain
Corollary 3.3. If M¯ is a hypersurface and |H¯| = constant = 0, then M = π−1(M¯) is proper-biharmonic if and only if
|B|2 = c(n + 1) + 3n − 1
2
.
We shall prove now a Lawson type formula which relates |B|2 to |B¯|2 (see [10,12] and [16]). First we denote by ϕ⊥M
the restriction of ϕ to the normal bundle of M in N composed with the projection on the same normal bundle, that is
ϕ⊥Mσ = (ϕσ )⊥ , for any σ a section in the normal bundle of M in N .
Proposition 3.4. Let M¯ be a submanifold of N¯ , and denote by B¯ its second fundamental form. Then, the second fundamental form B of
π−1(M¯) in N and B¯ are related by
|B|2 = |B¯|2 + 2(2n + 1−m) − 2∣∣ϕ⊥M ∣∣2.
Proof. Let us consider X¯, Y¯ ∈ C(T M¯). We have⎧⎪⎨
⎪⎩
∇N
X¯H
Y¯ H = (∇ N¯
X¯
Y¯
)H + 1
2
V
[
X¯ H , Y¯ H
]
,
∇ X¯ H Y¯ H =
(∇ M¯
X¯
Y¯
)H + 1
2
V
[
X¯ H , Y¯ H
]
,
thus B( X¯ H , Y¯ H ) = (B¯( X¯, Y¯ ))H .
Also,
B
(
X¯ H , ξ
)= 2n+1∑
a=m+1
g
(
B
(
X¯ H , ξ
)
, σa
)
σa =
2n+1∑
a=m+1
g
(∇N
X¯H
ξ − ∇ X¯ H ξ,σa
)
σa
= −
2n+1∑
a=m+1
g
(
ϕ X¯ H , σa
)
σa =
2n+1∑
a=m+1
g
(
ϕσa, X¯
H)σa,
where {σa}2n+1a=m+1 is a local orthonormal frame in the normal bundle of M in N .
Next, let { X¯α}m−1α=1 be a local orthonormal frame on M¯ . It follows that { X¯ Hα }m−1α=1 ∪ {ξ} is a local orthonormal frame on M
and one obtains
|B|2 = ∣∣B(ξ, ξ)∣∣2 + 2m−1∑
α=1
∣∣B( X¯ Hα , ξ)∣∣2 +
m−1∑
α,β=1
∣∣B( X¯ Hα , X¯ Hβ )∣∣2
= 2
m−1∑
α=1
2n+1∑
a=m+1
(
g
(
ϕσa, X¯
H
α
))2 + |B¯|2
= |B¯|2 + 2
(
2n + 1−m −
2n+1∑
a=m+1
∣∣(ϕσa)⊥∣∣2
)
. 
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From Corollary 3.3 and Corollary 3.5 we obtain
Proposition 3.6. If |H¯| = constant = 0, then M = π−1(M¯) is proper-biharmonic if and only if
|B¯|2 = c(n + 1) + 3n − 5
2
.
Remark 3.7. From Proposition 3.6 we see that there exist no proper-biharmonic hypersurfaces M = π−1(M¯) in N(c) if
c  5−3nn+1 , which implies that such hypersurfaces do not exist if c −3, whatever the dimension of N is.
Proposition 3.8. If M = π−1(M¯) is a proper-biharmonic hypersurface with constant mean curvature, then
|H|2 ∈
(
0,
(2n − 1)(c(n + 1) + 3n − 5)
8n2
)
.
Proof. Assume that M = π−1(M¯) is a proper-biharmonic hypersurface with constant mean curvature. Then, from Corol-
lary 3.3 and Proposition 3.6, it follows that
|B|2 = c(n + 1) + 3n − 1
2
, |B¯|2 = c(n + 1) + 3n − 5
2
.
On the other hand we have the inequalities
|B|2  2n|H|2 and |B¯|2  (2n − 1)|H¯ |2.
It can be easily proved that there are no non-minimal umbilical hypersurfaces of type M = π−1(M¯) and it is known that M¯
cannot be umbilical. Therefore, in the above inequalities we cannot have equality, so
c(n + 1) + 3n − 1
2
> 2n|H|2 and c(n + 1) + 3n − 5
2
> (2n − 1)|H¯ |2.
But
|H|2 = (2n − 1)
2
(2n)2
|H¯|2 < (2n − 1)(c(n + 1) + 3n − 5)
8n2
.
Since (2n−1)(c(n+1)+3n−5)
8n2
<
c(n+1)+3n−1
4n , one obtains
|H|2 ∈
(
0,
(2n − 1)(c(n + 1) + 3n − 5)
8n2
)
. 
Proposition 3.9. If M = π−1(M¯) is a proper-biharmonic hypersurface with constant mean curvature, then the scalar curvature s of
M is constant
s = (c + 3)(n2 − n)+ c − 1
2
(n − 3) + 4n2|H|2.
Proof. Let {Xi}2ni=1 be a local orthonormal frame on M .
Using the Gauss equation we have
g
(
R(Xi, X)Y , Xi
)= g(RN (Xi, X)Y , Xi)− g(B(X, Xi), B(Xi, Y ))+ g(B(Xi, Xi), B(X, Y )). (3.10)
We consider H = |H|σ and A = Aσ , where σ is a unit section in the normal bundle of M in N . We obtain
2n∑
i=1
(
g
(
B(Xi, Xi), B(X, Y )
)− g(B(X, Xi), B(Xi, Y )))
= g(2nH, B(X, Y ))− 2n∑
i=1
g
(
B(X, Xi),σ
)
g
(
B(Xi, Y ),σ
)
= 2n|H|g(σ , B(X, Y ))− 2n∑ g(A(X), Xi)g(A(Y ), Xi). (3.11)
i=1
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∑2n
i=1 g(RN (Xi, X)Y , Xi) we shall use the local orthonormal frame { X¯ Hα }2n−1α=1 ∪{ξ} on M where { X¯α}2n−1α=1
is a local orthonormal frame on M¯ . From the expression of the curvature tensor ﬁeld of N we have
g
(
RN
(
X¯ Hα , X
)
Y , X¯ Hα
)= c + 3
4
(
g(X, Y ) − g(X, X¯ Hα )g(Y , X¯ Hα ))+ c − 14
(−η(X)η(Y ) + 3g(ϕX, X¯ Hα )g(ϕY , X¯ Hα ))
and
g
(
RN (ξ, X)Y , ξ
)= c + 3
4
(
g(X, Y ) − η(X)η(Y ))− c − 1
4
g(ϕX,ϕY ).
In conclusion
2n∑
i=1
g
(
RN (Xi, X)Y , Xi
)= (2n − 1)(c + 3)
4
g(X, Y ) − (2n − 1)(c − 1)
4
η(X)η(Y )
+ c − 1
2
g(ϕX,ϕY ) − 3(c − 1)
4
g(X,ϕσ )g(Y ,ϕσ ). (3.12)
We obtain, using (3.10), (3.11), (3.12) and Corollary 3.3, the scalar curvature of M
s = traceRicci = c + 3
4
2n(2n − 1) + c − 1
4
(2n − 4) + 4n2|H|2 − |B|2
= (c + 3)(n2 − n)+ c − 1
2
(n − 3) + 4n2|H|2. 
4. Classiﬁcation results for biharmonic hypersurfaces in Sasakian space forms with ϕ-sectional curvature c >−3
In [20] all homogeneous real hypersurfaces in the complex projective space CPn , n > 1, are classiﬁed and ﬁve types of
such hypersurfaces are identiﬁed (see also [18]). We shall use them for classifying the proper-biharmonic Hopf cylinders
M = π−1(M¯) in Sasakian space forms N2n+1(c), c + 3> 0.
4.1. Types A1, A2
We shall consider u ∈ (0, π2 ) and r a positive constant given by 1r2 = c+34 . A hypersurface of Type A1 in CPn(c + 3)
is a geodesic sphere and it has two distinct principal curvatures: λ2 = 1r cotu of multiplicity 2n − 2 and a = 2r cot 2u of
multiplicity 1, while a hypersurface of Type A2 has three distinct principal curvatures: λ1 = − 1r tanu of multiplicity 2p,
λ2 = 1r cotu of multiplicity 2q, and a = 2r cot2u of multiplicity 1, where p > 0, q > 0, and p + q = n − 1.
We note that if c = 1 and M¯ is a hypersurface of Type A1 or A2, then π−1(M¯) = S1(cosu) × S2n−1(sinu) ⊂ S2n+1 or
π−1(M¯) = S2p+1(cosu) × S2q+1(sinu), respectively.
Now, for the biharmonicity of the hypersurfaces M = π−1(M¯) in N2n+1(c), where M¯ is a hypersurface in CPn(c + 3) of
Type A1 or A2, we can state the following result.
Theorem 4.1. Let M = π−1(M¯) be the Hopf cylinder over M¯.
(1) If M¯ is of Type A1, then M is proper-biharmonic if and only if either
(a) c = 1 and (tanu)2 = 1, or
(b) c ∈ [−3n2+2n+1+8
√
2n−1
n2+2n+5 ,+∞) \ {1} and
(tanu)2 = n+ 2c − 2±
√
c2(n2 + 2n + 5) + 2c(3n2 − 2n − 1) + 9n2 − 30n + 13
c + 3 .
(2) If M¯ is of Type A2, then M is proper-biharmonic if and only if either
(a) c = 1, (tanu)2 = 1 and p = q, or
(b) c ∈ [−3(p−q)2−4n+4+8
√
(2p+1)(2q+1)
(p−q)2+4n+4 ,+∞) \ {1} and
(tanu)2 = n
2p + 1 +
2c − 2
(c + 3)(2p + 1)
±
√
c2((p − q)2 + 4n + 4) + 2c(3(p − q)2 + 4n − 4) + 9(p − q)2 − 12n + 4
(c + 3)(2p + 1) .
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if
|B¯|2 = (2n − 2)λ22 + a2 = (2n − 2)
1
r2
(cotu)2 + 4
r2
(cot 2u)2
= c(n + 1) + 3n − 5
2
.
Denoting tanu = t , after a straightforward computation, we obtain the equation
(c + 3)t4 − 2(c(n + 2) + 3n − 2)t2 + (2n − 1)(c + 3) = 0, (4.1)
which admits real solutions if and only if
c2
(
n2 + 2n + 5)+ 2c(3n2 − 2n − 1)+ 9n2 − 30n + 13 0.
But c > 5−3nn+1 and we can conclude that (4.1) has real solutions if and only if
c ∈
[−3n2 + 2n + 1+ 8√2n − 1
n2 + 2n + 5 ,+∞
)
,
and these solutions are given by
t21,2 = n+
2c − 2±√c2(n2 + 2n + 5) + 2c(3n2 − 2n − 1) + 9n2 − 30n + 13
c + 3 > 0.
Now, we have that M is minimal if and only if M¯ is minimal and this means
(2n − 2)λ2 + a = 0,
which leads to (tanu)2 = 2n − 1.
It is easy to obtain that if one of the solutions t21, t
2
2 is equal to 2n− 1 then c = 1. If c = 1, then M is proper-biharmonic
if and only if (tanu)2 = 1, and if c = 1, then t21 = 2n − 1 and t22 = 2n − 1.
Next, let M¯ be a hypersurface of Type A2. Then, according to Proposition 3.6, M is biharmonic if and only if
|B¯|2 = 2pλ21 + 2qλ22 + a2 = 2p
1
r2
(tanu)2 + 2q 1
r2
(cotu)2 + 4
r2
(cot 2u)2
= c(n + 1) + 3n − 5
2
.
This equation becomes, after a straightforward computation,
(c + 3)(2p + 1)t4 − 2(c(n + 2) + 3n − 2)t2 + (c + 3)(2q + 1) = 0, (4.2)
where t = tanu.
Eq. (4.2) has real solutions if and only if
c2
(
(p − q)2 + 4n + 4)+ 2c(3(p − q)2 + 4n − 4)+ 9(p − q)2 − 12n + 4 0,
which, together with c > 5−3nn+1 , leads to
c ∈
[−3(p − q)2 − 4n + 4+ 8√(2p + 1)(2q + 1)
(p − q)2 + 4n + 4 ,+∞
)
\ {1}.
Then the solutions of Eq. (4.2) are
t21,2 =
n
2p + 1 +
2c − 2
(c + 3)(2p + 1)
±
√
c2((p − q)2 + 4n + 4) + 2c(3(p − q)2 + 4n − 4) + 9(p − q)2 − 12n + 4
(c + 3)(2p + 1) > 0. (4.3)
The hypersurface M¯ is minimal if and only if
2pλ1 + 2qλ2 + a = 0,
which gives (tanu)2 = 2q+12p+1 . It follows that M is proper-biharmonic if c = 1, (tanu)2 = 1 and p = q, or c = 1 and tanu is
given by (4.3). 
D. Fetcu, C. Oniciuc / Differential Geometry and its Applications 27 (2009) 713–722 721Remark 4.2. If c = 1, in the A1 case we can obtain two proper-biharmonic Hopf cylinders, not only one. The same thing
happens in the A2 case when p = q; for p = q we do obtain a proper-biharmonic Hopf cylinder if and only if c ∈ (1,+∞)
and, in this case, it is given by:
(tanu)2 = 1+ 2(c − 1) + 2
√
c2(n + 1) + 2c(n − 1) − 3n + 1
n(c + 3) .
4.2. Types B, C , D and E
We shall consider u ∈ (0, π4 ) and r a positive constant given by 1r2 = c+34 . The Type B hypersurfaces in complex projective
space CPn(c + 3) have three distinct principal curvatures: − 1r cotu and 1r tanu, both of multiplicity n − 1, and 2r tan2u of
multiplicity 1. The hypersurfaces of Type C , D or E have ﬁve distinct principal curvatures: λ1 = − 1r cotu, λ2 = 1r cot( π4 − u),
λ3 = 1r cot( π2 − u), λ4 = 1r cot( 3π4 − u) and a = − 2r cot 2u, each with speciﬁc multiplicities (see [18] and [20]).
For what concerns the biharmonicity of Hopf cylinders M = π−1(M¯) we have the following non-existence result.
Theorem 4.3. There are no proper-biharmonic hypersurfaces M = π−1(M¯), where M¯ is a hypersurface of Type B, C , D or E in complex
projective space CPn(c + 3).
Proof. First, let M¯ be a hypersurface of Type B . Then, from Proposition 3.6 we have that M is biharmonic if and only if
|B¯|2 = (n − 1) 1
r2
(
(cotu)2 + (tanu)2)+ 4
r2
(tan2u)2 = c(n+ 1) + 3n − 5
2
.
If we denote (sin2u)2 = t we obtain easily the following equation
(cn + c + 3n − 1)t2 − (2cn − c + 6n − 7)t + (n − 1)(c + 3) = 0. (4.4)
If c = 1 the equation becomes nt2 − 2(n − 1)t + n − 1 = 0 and it has no real solutions.
Assume that c = 1. Then Eq. (4.4) has real solutions if and only if
c2(5− 4n) − 2c(12n − 11) + 37− 36n 0.
Further, it follows that
c ∈
[
11− 12n − 8√n − 1
4n − 5 ,
11− 12n + 8√n − 1
4n − 5
]
.
But since c > 5−3nn+1 it results that there are no real solutions of (4.4) if n 17. Now, if n > 17 we have two real solutions
t1,2 = 2cn − c + 6n − 7±
√
c2(5− 4n) − 2c(12n − 11) + 37− 36n
2(cn + c + 3n − 1) .
Finally, it can be easily veriﬁed that t1,2 > 1 and this is a contradiction since t = (sin2u)2.
Let M¯ be a hypersurface of Type C . These hypersurfaces occur for n  5 and n odd. The multiplicities of the principal
curvatures are: n− 3 for λ1 and λ3, 2 for λ2 and λ4, and 1 for a.
In the same way as above, by denoting t = (sin2u)2, we have that M is biharmonic if and only if
(cn + c + 3n − 1)t2 − (2cn − 3c + 6n − 13)t + (n − 2)(c + 3) = 0. (4.5)
If c = 1 it is easy to see that (4.5) does not admit real solution. If c = 1 Eq. (4.5) has real solutions if and only if
c2(17− 8n) − 2c(24n − 47) + 145− 72n 0
and this means
c ∈
[
24n − 47+ 8√2(n − 2)
17− 8n ,
24n − 47− 8√2(n − 2)
17− 8n
]
.
Since c > 5−3nn+1 it follows that real solutions exist only if n 33 and they are
t1,2 = 2cn − 3c + 6n − 13±
√
c2(17− 8n) − 2c(24n − 47) + 145− 72n
2(cn + c + 3n − 1) .
But t1,2 are greater than 1 and, since t = (sin2u)2, M cannot be proper-biharmonic.
722 D. Fetcu, C. Oniciuc / Differential Geometry and its Applications 27 (2009) 713–722The hypersurfaces of Type D occurs only in CP9(c + 3). In this case, the multiplicity of each of the ﬁrst four principal
curvatures is 4 and the multiplicity of the ﬁfth one is 1.
Now, let M¯ be a hypersurface of Type D . As in the previous two cases, we obtain that M is biharmonic if and only if
(10c + 26)t2 − (11c + 29)t + 5c + 15 = 0,
where t = (sin2u)2. Real solutions exist if and only if
c ∈
[
−241+ 16
√
5
79
,−241− 16
√
5
79
]
.
But c > 5−3nn+1 = − 115 and − 115 > − 241−16
√
5
79 . Thus there are no real solutions.
Finally, let M¯ be a hypersurface of Type E . This case occurs only in CP15(c + 3), and the multiplicities are: 8 for λ1 and
λ3, 6 for λ2 and λ4 and 1 for the principal curvature a.
It follows that M is biharmonic if and only if
(16c + 44)t2 − (19c + 53)t + 9c + 27 = 0,
where t = (sin2u)2. The equation has real solutions if and only if
c ∈
[
−649+ 24
√
6
215
,−649− 24
√
6
215
]
.
Since c > 5−3nn+1 = − 52 and − 52 > − 649−24
√
6
215 , there exist no real solutions. 
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